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In QCD at high density, the color-octet quark-antiquark condensate 〈ψγ0(λA)C(λA)Fψ〉 is gener-
ally nonzero and dynamically breaks the SU(3)C×SU(3)L×SU(3)R symmetry down to the diagonal
SU(3)V . We evaluate this condensate in the mean-field approximation and find that it is of order
µ∆2 log(µ/∆) where ∆ is the BCS gap of quarks. Next we propose a novel non-Hermitian chiral
random matrix theory that describes the formation of colorful quark-antiquark condensates. We
take the microscopic large-N limit and find that three phases appear depending on the parameter
of the model. They are the color-flavor locked phase, the polar phase, and the normal phase. We
rigorously derive the effective theory of Nambu-Goldstone modes and determine the quark-mass
dependence of the partition function.
I. INTRODUCTION
Understanding confinement and chiral symmetry
breaking in the QCD vacuum is a grand challenge in nu-
clear and hadron physics. It has been established that
the QCD vacuum hosts a nonvanishing chiral conden-
sate 〈ψψ〉 which breaks the SU(Nf )L × SU(Nf )R chi-
ral symmetry down to SU(Nf )V . In principle, one can
also envision other condensates that lead to the same
pattern of symmetry breaking. For example, the quark-
gluon mixed condensate 〈ψσµνGµνψ〉 has been measured
on the lattice [1, 2]. It plays an important role in the
QCD sum rule. In 1998, Stern pointed out a theoret-
ical possibility that 〈ψψ〉 = 0 and chiral symmetry is
instead broken by a four-quark condensate [3, 4] (see
also [5–8]). This interesting scenario was later ruled out
by exact QCD inequalities [9] at zero chemical poten-
tial and by the ’t Hooft anomaly matching condition
[10] at nonzero chemical potential and zero temperature.
In 1999, Wetterich proposed that a color-octet quark-
antiquark condensate 〈ψ(λA)C(λB)TFψ〉 ∝ δAB can pro-
vide a remarkably simple description of nonperturbative
features of the QCD vacuum [11–14] (see also [15–19]).
Here (λA)C denote the generators of color SU(3) and
(λB)F the generators of flavor SU(3). Such a condensate
locks SU(3)L×SU(3)R×SU(3)C to the diagonal SU(3)V
subgroup, and consequently, quarks and gluons acquire
nonzero masses. Their quantum numbers match those
of baryons and vector mesons. Astoundingly, all physi-
cal particles in this phase carry integer electric charges.
This beautiful Higgs description of confinement in QCD
is in line with the well-known complementarity between
a confining phase and a Higgs phase [20, 21]. It should
be noted that Wetterich’s phase has much in common
with the color-flavor-locked (CFL) phase of three-flavor
QCD at high density [22], where colors and flavors are
locked by diquark condensates. While the microscopic
origin of the diquark condensates at high density is very
clear, the physical mechanism that may give rise to the
color-octet quark-antiquark condensate in the QCD vac-
uum is not well understood; both a one-gluon exchange
interaction and an instanton-induced interaction are re-
pulsive in this channel [18]. Nevertheless, in the CFL
phase, the condensate 〈ψ(λA)C(λA)TFψ〉 is expected to
form, since it breaks no new symmetries [13, 15, 17]. In
[18] Alford et al. have performed a comprehensive anal-
ysis of the quark-antiquark pairing strength in various
rotationally symmetric channels and found that the one-
gluon exchange interaction is attractive in the channel
ψγ0(λ
A)C(λ
B)Fψ and its pseudo-scalar partner. For the
same reason as above, we expect that the color-flavor-
locking condensate 〈ψγ0(λA)C(λA)Fψ〉 would generally
assume a nonzero value in the CFL phase. However, to
the best of our knowledge, an explicit calculation of this
condensate has not been performed to date.
It is widely accepted that statistical properties of the
Dirac eigenvalues in a chirally broken phase of QCD are
governed by chiral random matrix theory (RMT) [23–
26]. The precise agreement between predictions of RMT
and the numerically computed Dirac eigenvalues on the
lattice is normally considered as a smoking gun for chiral
symmetry breaking [27]. The connection between QCD
and RMT holds at zero and small chemical potential [26,
28, 29]. In QCD-like theories such as two-color QCD,
this connection can be extended to an arbitrarily large
chemical potential [30–34]. There are also attempts to
apply chiral RMT to color-superconducting phases with
nonzero diquark condensates [35–40]. We note in passing
that flavor symmetry breaking in three-dimensional QCD
can also be described by RMT with no chiral structure
[41–43]. The interpolation between chiral RMT and non-
chiral RMT has been studied extensively [44–50].
Inspired by Wetterich’s work [11–14], in this paper we
propose a new chiral RMT that describes color supercon-
ductivity due to the onset of the adjoint quark-antiquark
condensate 〈ψγ0(λA)C(λB)Fψ〉. As bold idealization, we
shall ignore the chiral condensate and the diquark con-
densate that are predominant at low and high density,
respectively. In this regard we admit that the proposed
RMT is not of direct phenomenological relevance for the
phase diagram of QCD [51]. However we think it is a
fruitful endeavor to widen the potential applicability of
chiral RMT by searching for novel symmetry breaking
patterns that have not been reported in the literature of
RMT yet.
This paper is structured as follows. In section II we
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2evaluate the color-flavor-locking quark-antiquark conden-
sate in the CFL phase in the mean-field approximation,
and show that it is of order µ∆2 and grows monotoni-
cally with µ, in contrast to the ordinary chiral conden-
sate which is highly suppressed at large µ [52]. In sec-
tion III we introduce a new matrix model and perform a
Hubbard-Stratonovich transformation. In section IV we
focus on the case of two colors and two flavors. We take
the microscopic large-N limit withN the matrix size and,
by varying a parameter of the matrix model, find three
distinct phases: the normal phase, the polar phase and
the color-flavor locked phase, which we refer to as the ad-
joint CFL phase to distinguish it from the ordinary CFL
phase with diquark condensates. We rigorously derive
the large-N effective theory for the Nambu-Goldstone
modes in the polar phase and the adjoint CFL phase,
and determine the quark-mass dependence of the parti-
tion function. In section V we end with a summary and
outlook.
II. QUARK-ANTIQUARK CONDENSATE IN
THE CFL PHASE
The purpose of this section is to evaluate the magni-
tude of the condensate
〈ψγ0(λA)C(λA)Fψ〉 (1)
in the CFL phase of QCD with three colors and three fla-
vors in the chiral limit. In the following, we label colors
by a, b, · · · ∈ {1, 2, 3} and flavors by f, g, · · · ∈ {1, 2, 3}.
The indices A,B, · · · run from 0 to 8 and A,B, · · · from
1 to 8. The Gell-Mann matrices are normalized as
Tr(λAλB) = 2δAB where λ0 ≡
√
2
313.
The mean-field Lagrangian for the CFL phase is given,
in the Euclidean setup [54], by
L = ψaf (/∂ − µγ0)ψaf +
1
2
ψTafCγ5ψbgεabIεfgI∆ + h.c.
(2)
To simplify the calculation we switch to the CFL basis
ψaf =
1√
2
λAafψ
A . (3)
Then
L = ψA(/∂ − sAµγ0)ψA + 1
2
(ψA)TCγ5ψ
A∆A + h.c., (4)
where
∆A =
{
2∆ for A = 0
−∆ for A = 1, · · · , 8 (5)
and
sA =
1
2
Tr[λA(λA)T ] (6)
= (1, 1,−1, 1, 1,−1, 1,−1, 1) . (7)
Then
ψγ0(λ
A)C(λ
A)Fψ = 2ψafγ0ψfa −
2
3
ψafγ0ψaf (8)
= 2ψAγ0ψ
A − 2
3
sAψAγ0ψ
A (9)
=
4
3
(ψ0γ0ψ
0 − ψ1γ0ψ1) , (10)
where we have used the fact that ψAγ0ψA = sAψ1γ0ψ1
(no summation over A on the LHS). The number density
ψ1γ0ψ
1 can be evaluated either by using the propagator
〈ψ1ψ1〉 = −(i/p+ µγ0) 1
∆2 − (i/p− µγ0)(i/p+ µγ0) (11)
or by taking the derivative of the logarithm of the func-
tional determinant by µ. The result reads
〈ψ1γ0ψ1〉 = ∂
∂µ
∫
d3p
(2pi)3
[E+(p) + E−(p)] (12)
where
E±(p) ≡
√
∆2 + (|p| ± µ)2 . (13)
The momentum integral is UV divergent and we impose
a cutoff Λ. We obtain (assuming µ > 0)
〈ψ1γ0ψ1〉 = µ
3
2pi2
f
(
∆
µ
,
Λ
µ
)
, (14)
with
f(a, b) ≡
∫ b
0
dx x2
(
1− x√
(x− 1)2 + a2 +
1 + x√
(x+ 1)2 + a2
)
(15)
≈
2a
2 log b for b 1
2
3
− 2a2 log a for a 1 and b > 1 (16)
Therefore
〈ψγ0(λA)C(λA)Fψ〉
=
2µ3
3pi2
[
f
(
2∆
µ
,
Λ
µ
)
− f
(
∆
µ
,
Λ
µ
)]
(17)
≈

4
pi2
µ∆2 log
Λ
µ
for Λ µ
4
pi2
µ∆2 log
µ
∆
for ∆ µ and Λ > µ
(18)
This is the main result of this section. As expected on
symmetry grounds, it does not vanish in the CFL phase.
It grows with µ monotonically, in contrast to the chiral
condensate 〈ψψ〉 which vanishes identically in the mean-
field approximation. (It receives contributions from in-
stantons [52].)
By replacing ∂/∂µ with ∂/∂∆ in (12), the diquark con-
densate 〈ψψ〉 is obtained as ∼ µ2∆ log(µ/∆) for ∆  µ
[55], so we get the hierarchy of scales
〈ψγ0(λA)C(λA)Fψ〉
|〈ψψ〉| ∝
∆
µ
 1 . (19)
3III. THE MATRIX MODEL
Next we proceed to the random matrix analysis. In
the following we assume that the number of colors and
flavors are equal, i.e.,
Nc = Nf = n . (20)
The indices A,B, · · · run from 0 to n2 − 1 and A,B, · · ·
from 1 to n2− 1. {TA} are the generators of U(n) in the
fundamental representation, normalized as Tr(TATB) =
2δAB.
The new RMT we propose in this paper is defined by
the partition function
Z(mf , v) =
∫ ∞
−∞
dx
∫ ∞
−∞
dy
∫
dA
∫
dB
∫
dV
∫
dW
∫ n2−1∏
A=0
dXA
∫ n2−1∏
A=0
dY A
× exp
[
−Nn
2
4
(x2 + y2)− N
4
Tr(A2 +B2)− Nn
4
Tr(V 2 +W 2)− Nn
2
Tr[(XA)2 + (Y A)2]
]
×
n∏
f=1
det
[
D +
(
mf1Nn v1Nn
v1Nn m
∗
f1Nn
)]
, (21)
where A,B,XA, Y A are N ×N Hermitian matrices, and
V and W are n× n Hermitian matrices. The “Dirac op-
erator” D is a non-Hermitian 2Nn×2Nn matrix defined
as
D =
(
0 DR
DL 0
)
(22)
DL ≡ x1N ⊗ 1n + iA⊗ 1n + i1N ⊗ V +XA ⊗ TA (23)
DR ≡ y1N ⊗ 1n + iB ⊗ 1n + i1N ⊗W + Y A ⊗ TA(24)
In (21), {mf} are quark masses that break chiral sym-
metry, and v is a real parameter that conserves chiral
symmetry. The importance of this mysterious parame-
ter will become clear later. In the chiral limit the model
possesses a symmetry
[U(1)× SU(n)C × SU(n)F ]L
×[U(1)× SU(n)C × SU(n)F ]R . (25)
The left color [SU(n)C ]L and the right color [SU(n)C ]R
are locked to [SU(n)C ]L+R by nonzero quark masses.
Let us introduce quarks ψαLaf , ψ
α
Raf and antiquarks
ψ
α
Laf , ψ
α
Raf , where a ∈ {1, · · · , n} is color, f ∈ {1, · · · , n}
is flavor, and α ∈ {1, · · · , N}. Then, with the n×n mass
matrix M ≡ diag(mf ) we have
Z =
∫
dψRdψLdψRdψL
∫ ∞
−∞
dx
∫ ∞
−∞
dy
∫
dA
∫
dB
∫
dV
∫
dW
∫ n2−1∏
A=0
dXA
∫ n2−1∏
A=0
dY A
× exp
[
−Nn
2
4
(x2 + y2)− N
4
Tr(A2 +B2)− Nn
4
Tr(V 2 +W 2)− Nn
2
Tr[(XA)2 + (Y A)2]
]
× exp
[(
ψR
ψL
)α
af
(
mfδαβδab (y + v)δαβδab + iBαβδab + iδαβWab + Y
A
αβT
A
ab
(x+ v)δαβδab + iAαβδab + iδαβVab +X
A
αβT
A
ab m
∗
fδαβδab
)(
ψL
ψR
)β
bf
]
(26)
=
∫
dψRdψLdψRdψL
∫ ∞
−∞
dx
∫ ∞
−∞
dy
∫
dA
∫
dB
∫
dV
∫
dW
∫ n2−1∏
A=0
dXA
∫ n2−1∏
A=0
dY A
× exp
[
−Nn
2
4
(x2 + y2)− N
4
Tr(A2 +B2)− Nn
4
Tr(V 2 +W 2)− Nn
2
Tr[(XA)2 + (Y A)2]
]
× exp
[
(x+ v)ψ
α
Lafψ
α
Laf + iψ
α
LafAαβψ
β
Laf + iψ
α
LafVabψ
α
Lbf + ψ
α
LafX
A
αβT
A
abψ
β
Lbf + (y + v)ψ
α
Rafψ
α
Raf + iψ
α
RafBαβψ
β
Raf
+ iψ
α
RafWabψ
α
Rbf + ψ
α
RafY
A
αβT
A
abψ
β
Rbf + ψ
α
RafMfgψ
α
Lag + ψ
α
Laf (M
†)fgψαRag
]
. (27)
4Now it is straightforward albeit tedious to integrate out all the Gaussian variables, which yields
Z ∝
∫
dψRdψLdψRdψL exp
[{
1
Nn2
(ψ
α
Lafψ
α
Laf )
2 − 1
N
ψ
β
Lafψ
α
Lafψ
α
Lbgψ
β
Lbg −
1
Nn
ψ
α
Lbfψ
α
Lafψ
β
Lagψ
β
Lbg
+
1
2Nn
ψ
β
LafT
A
abψ
α
Lbfψ
α
LcgT
A
cdψ
β
Ldg + vψ
α
Lafψ
α
Laf
}
+ (L↔ R) + ψαRafMfgψαLag + ψ
α
Laf (M
†)fgψαRag
]
(28)
=
∫
dψRdψLdψRdψL exp
[{
1
Nn2
(ψ
α
Lafψ
α
Laf )
2 − 1
N
ψ
β
Lafψ
α
Lafψ
α
Lbgψ
β
Lbg −
1
Nn
ψ
α
Lbfψ
α
Lafψ
β
Lagψ
β
Lbg
+
1
Nn
ψ
β
Lafψ
α
Lbfψ
α
Lbgψ
β
Lag + vψ
α
Lafψ
α
Laf
}
+ (L↔ R) + ψαRafMfgψαLag + ψ
α
Laf (M
†)fgψαRag
]
, (29)
where we have used TAabT
A
cd = 2δadδbc. Rearranging terms, we have
Z ∝
∫
dψRdψLdψRdψL exp
[
1
N
(
ψ
α
Lafψ
α
Lbgψ
β
Lbgψ
β
Laf −
1
n
ψ
α
Lafψ
α
Lbfψ
β
Lbgψ
β
Lag −
1
n
ψ
α
Lafψ
α
Lagψ
β
Lbgψ
β
Lbf
+
1
n2
ψ
α
Lafψ
α
Lafψ
β
Lbgψ
β
Lbg
)
+ vψ
α
Lafψ
α
Laf + (L↔ R) + ψ
α
RafMfgψ
α
Lag + ψ
α
Laf (M
†)fgψαRag
]
(30)
=
∫
dψRdψLdψRdψL exp
[
1
N
ψ
α
Lafψ
α
Lbgψ
β
La′f ′ψ
β
Lb′g′
(
δab′δa′bδfg′δf ′g − 1
n
δab′δa′bδfgδf ′g′ − 1
n
δabδa′b′δfg′δf ′g
+
1
n2
δabδa′b′δfgδf ′g′
)
+ vψ
α
Lafψ
α
Laf + (L↔ R) + ψ
α
RafMfgψ
α
Lag + ψ
α
Laf (M
†)fgψαRag
]
(31)
=
∫
dψRdψLdψRdψL exp
[
1
N
ψ
α
Lafψ
α
Lbgψ
β
La′f ′ψ
β
Lb′g′
(
δab′δa′b − 1
n
δabδa′b′
)(
δfg′δf ′g − 1
n
δfgδf ′g′
)
+ vψ
α
Lafψ
α
Laf + (L↔ R) + ψ
α
RafMfgψ
α
Lag + ψ
α
Laf (M
†)fgψαRag
]
(32)
=
∫
dψRdψLdψRdψL exp
[
1
4N
ψ
α
Lafψ
α
Lbgψ
β
La′f ′ψ
β
Lb′g′(T
A
C )ab(T
A
C )a′b′(T
B
F )fg(T
B
F )f ′g′ + vψ
α
Lafψ
α
Laf
+ (L↔ R) + ψαRafMfgψαLag + ψ
α
Laf (M
†)fgψαRag
]
(33)
=
∫
dψRdψLdψRdψL exp
[
1
4N
(
ψ
α
Laf (T
A
C )ab(T
B
F )fgψ
α
Lbg
)(
ψ
β
La′f ′(T
A
C )a′b′(T
B
F )f ′g′ψ
β
Lb′g′
)
+ vψ
α
Lafψ
α
Laf
+ (L↔ R) + ψαRafMfgψαLag + ψ
α
Laf (M
†)fgψαRag
]
(34)
where TAC and T
A
F are the generators of color SU(n) and flavor SU(n), respectively.
To bilinearize the quartic interaction we insert the constant factor∫
dΩL exp
[
−N
(
ΩLAB −
1
2N
ψ
α
Laf (T
A
C )ab(T
B
F )fgψ
α
Lbg
)2 ]
(35)
×
∫
dΩR exp
[
−N
(
ΩRAB −
1
2N
ψ
α
Raf (T
A
C )ab(T
B
F )fgψ
α
Rbg
)2 ]
(36)
where ΩL and ΩR are (n2 − 1)× (n2 − 1) real matrices with no symmetry constraint. This yields
Z ∝
∫
dΩL
∫
dΩR exp
(−N Tr[(ΩL)TΩL + (ΩR)TΩR]) ∫ dψRdψLdψRdψL
× exp
[
ψ
α
LafΩ
L
AB(T
A
C )ab(T
B
F )fgψ
α
Lbg + vψ
α
Lafψ
α
Laf + (L↔ R) + ψ
α
RafMfgψ
α
Lag + ψ
α
Laf (M
†)fgψαRag
]
(37)
=
∫
dΩL
∫
dΩR exp
(−N Tr[(ΩL)TΩL + (ΩR)TΩR]) ∫ dψRdψLdψRdψL
× exp
[(
ψR
ψL
)α
af
(
δabMfg Ω
R
AB(T
A
C )ab(T
B
F )fg + vδabδfg
ΩLAB(T
A
C )ab(T
B
F )fg + vδabδfg δab(M
†)fg
)(
ψL
ψR
)α
bg
]
(38)
5=
∫
dΩL
∫
dΩR exp
(−N Tr[(ΩL)TΩL + (ΩR)TΩR]) detN ( 1n ⊗M ΩRABTAC ⊗ TBF + v1n ⊗ 1n
ΩLABT
A
C ⊗ TBF + v1n ⊗ 1n 1n ⊗M†
)
.
(39)
This is an exact rewriting of the original partition func-
tion and so far no approximation has been made. To
make the large-N saddle-point analysis tractable, here-
after we set n = 2.
IV. TWO COLORS AND TWO FLAVORS
A. Phase structure at large N
For n = 2, ΩL,R are 3 × 3 matrices that transform
as (3,3) under SU(2)C × SU(2)F rotations, and TAC and
TAF are just the Pauli matrices σ
A(A = 1, 2, 3). We are
interested in the microscopic large-N limit in whichM ∼
1/
√
N and v ∼ O(1). From (39) we have for the partition
function
Z ∝
∫
dΩL
[
e−Tr[(Ω
L)TΩL]
× det(ΩLABσA ⊗ σB + v12 ⊗ 12)
]N
× (L↔ R) . (40)
One can use the identity [56]
det(ΩABσ
A ⊗ σB + v12 ⊗ 12)
= 2 Tr[(ΩTΩ)2]− [Tr(ΩTΩ)]2 − 8v det Ω
− 2v2 Tr(ΩTΩ) + v4 . (41)
By a rotation Ω→ O1ΩO2 with O1,2 ∈ SO(3), Ω can be
diagonalized as Ω = diag(e1, e2, e3). Our task is to find
{ek} that maximizes the function
F (v, {ek}) ≡ e−2(e21+e22+e23)
{
2(e41 + e
4
2 + e
4
3)
− (e21 + e22 + e23)2 − 8ve1e2e3
− 2v2(e21 + e22 + e23) + v4
}2
. (42)
Due to the trivial symmetry F (v, {ek}) = F (−v, {−ek})
we may assume v ≥ 0 without loss of generality.
We numerically solved the maximization problem for
varying v and obtained (e1, e2, e3) as a function of
v, as shown in Figure 1. One can see two first-order
transitions that separate three phases. In the first
phase at small v, e1 = e2 = 0 and e3 > 0. This
is an analogue of the polar phase of superfluid 3He
[53]. In the second phase at intermediate v, we have
e1 = e2 = e3, i.e., Ω ∝ 13. This is a color-flavor locked
phase, resembling the B phase of superfluid 3He [53].
Hereafter we call this phase the adjoint CFL phase,
to avoid confusion with the usual CFL phase. The
0.0 0.5 1.0 1.5
v
0.0
0.5
1.0
1.5 e1
e2
e3
FIG. 1. The v-dependence of {ek} that maximize F (v, {ek}).
For better visibility, we slightly displaced the plots vertically
so that they do not exactly coincide.
final phase at large v is a normal phase characterized
by e1 = e2 = e3 = 0. The phases are summarized below.
|v| < 0.357 0.357 < |v| < 1.072 1.072 < |v|
Phases Polar Adjoint CFL Normal
Ω ∝ diag(0, 0, 1) ∝ 13 0
Unbroken
symmetry
SO(2)C
×SO(2)F
SU(2)C+F
SU(2)C
×SU(2)F
Coset space S2 × S2 SO(3) None
B. Effective theory of the polar phase
Let us discuss the low-energy fluctuations in the po-
lar phase. For simplicity we set v = 0, for which the
ground state is ΩL,R = diag(0, 0,
√
2). The soft fluc-
tuations of color and flavor degrees of freedom can be
parametrized, in terms of normalized three-component
vectors
−→
LC ,
−→
LF ,
−→
RC ,
−→
RF ∈ R3, as
ΩLAB(σ
A)ab(σ
B)fg =
√
2(
−→
LC · −→σ )ab(−→LF · −→σ )fg, (43)
ΩRAB(σ
A)ab(σ
B)fg =
√
2(
−→
RC · −→σ )ab(−→RF · −→σ )fg, (44)
−→
LC
2 =
−→
LF
2 =
−→
RC
2 =
−→
RF
2 = 1. (45)
Thus, for N  1,
Z ∼
∫
S2
d
−→
LC
∫
S2
d
−→
LF
∫
S2
d
−→
RC
∫
S2
d
−→
RF
× detN
(
(
−→
LC · −→σ )⊗ (−→LF · −→σ ) 12 ⊗M†/
√
2
12 ⊗M/
√
2 (
−→
RC · −→σ )⊗ (−→RF · −→σ )
)
.
(46)
6Using (
−→
LC ·−→σ )2 = (−→LF ·−→σ )2 = (−→RC ·−→σ )2 = (−→RF ·−→σ )2 =
12 we obtain
Z ∼
∫
S2
d
−→
LC
∫
S2
d
−→
LF
∫
S2
d
−→
RC
∫
S2
d
−→
RF
× detN
(
14 [(
−→
LC · −→σ )⊗ (−→LF · −→σ )] · [12 ⊗M†]/
√
2
[(
−→
RC · −→σ )⊗ (−→RF · −→σ )] · [12 ⊗M ]/
√
2 14
)
(47)
=
∫
S2
d
−→
LC
∫
S2
d
−→
LF
∫
S2
d
−→
RC
∫
S2
d
−→
RF det
N
(
14 − 1
2
{
(
−→
RC · −→σ )⊗ [(−→RF · −→σ )M ]
}{
(
−→
LC · −→σ )⊗ [(−→LF · −→σ )M†]
})
.
(48)
Introducing the microscopic variable Mˆ ≡ √NM , we find
Z ∼
∫
S2
d
−→
LC
∫
S2
d
−→
LF
∫
S2
d
−→
RC
∫
S2
d
−→
RF exp
(
− 1
2
Tr[(
−→
RC · −→σ )(−→LC · −→σ )] Tr[(−→RF · −→σ )Mˆ(−→LF · −→σ )Mˆ†]
)
(49)
=
∫
S2
d
−→
LC
∫
S2
d
−→
LF
∫
S2
d
−→
RC
∫
S2
d
−→
RF exp
(
− (−→RC · −→LC) Tr[(−→RF · −→σ )Mˆ(−→LF · −→σ )Mˆ†]
)
(50)
=
∫ 1
−1
dx
∫
S2
d
−→
LF
∫
S2
d
−→
RF exp
(
xTr[(
−→
RF · −→σ )Mˆ(−→LF · −→σ )Mˆ†]
)
. (51)
In the special case Mˆ = mˆ12, we have
Tr[(
−→
RF · −→σ )Mˆ(−→LF · −→σ )Mˆ†] = 2|mˆ|2−→RF · −→LF , (52)
hence
Z =
1
4
∫ 1
−1
dx
∫ 1
−1
dy exp
(
2|mˆ|2xy) = Shi(2|mˆ|2)
2|mˆ|2 , (53)
where Shi(x) is the hyperbolic sine integral [57] and we
adopted the normalization such that Z = 1 in the chiral
limit.
C. Effective theory of the adjoint CFL phase
Let us discuss the quark-mass dependence of the par-
tition function in the adjoint CFL phase, which appears
for 0.357 < |v| < 1.072. In this phase, ΩL,R = ρ13 is
the ground state, where the scale ρ is dynamically deter-
mined by v. Color and flavor fluctuations can then be
parametrized as
ΩL = ρOL and ΩR = ρOR with OL,R ∈ SO(3) .
(54)
For brevity, we define 4× 4 matrices
OL ≡ ρOLABσA ⊗ σB + v12 ⊗ 12 , (55)
OR ≡ ρORABσA ⊗ σB + v12 ⊗ 12 . (56)
Recalling (39), we have for the large-N partition function
Z ∼
∫
SO(3)
dOL
∫
SO(3)
dOR detN
(
12 ⊗M OR
OL 12 ⊗M†
)
(57)
∝
∫
SO(3)
dOL
∫
SO(3)
dOR
× detN [14 − (12 ⊗M)O−1L (12 ⊗M†)O−1R ] (58)
'
∫
SO(3)
dOL
∫
SO(3)
dOR
× exp
(
−Tr[(12 ⊗ Mˆ)O−1L (12 ⊗ Mˆ†)O−1R ]
)
(59)
where Mˆ ≡ √NM . The evaluation of the trace in the
exponent is a bit tricky. Fist of all, note that at the
second order in quark masses, there are only two combi-
nations of OL, OR,M and M† that are invariant under
SU(2)L × SU(2)R. The first invariant is Tr(M†M). To
find the second invariant, note that M and M† do not
carry color indices. Thus we must look at the color sin-
glet product (OR)TOL, which transforms as (3,3) under
SU(2)L×SU(2)R. Since Tr(σAMσBM†) also transforms
as (3,3), we arrive at the second invariant
[(OR)TOL]AB Tr(σ
AMσBM†) . (60)
Therefore the exponent in (59) must be a linear combi-
nation of Tr(M†M) and (60). To fix the coefficients of
these two terms, we substituted simple forms
OL =
cos θL − sin θL 0sin θL cos θL 0
0 0 1
 , (61)
OR =
1 0 00 cos θR − sin θR
0 sin θR cos θR
 , (62)
7and evaluated the trace in (59) using a symbolic com-
putation software [58]. This enabled us to derive the
formula
Tr[(12 ⊗ Mˆ)O−1L (12 ⊗ Mˆ†)O−1R ]
=
2
(v + ρ)2(v − 3ρ)2
{
(v − 2ρ)2 Tr(Mˆ†Mˆ)
+ ρ2[(OR)TOL]AB Tr(σ
AMˆσBMˆ†)
}
. (63)
To test (63), we randomly sampled OL and OR from
SO(3) and evaluated both sides of (63) numerically. We
found that they match up to 15 digits, so we are pretty
confident that (63) is correct.
Plugging (63) into (59) yields
Z ∼
∫
SO(3)
dOˆ exp
[
ξ1 Tr(Mˆ
†Mˆ) + ξ2OˆAB Tr(σAMˆσBMˆ†)
]
(64)
with
ξ1 ≡ − 2(v − 2ρ)
2
(v + ρ)2(v − 3ρ)2 , (65)
ξ2 ≡ − 2ρ
2
(v + ρ)2(v − 3ρ)2 . (66)
The variable Oˆ ≡ (OR)TOL represents the Nambu-
Goldstone mode arising from the spontaneous chiral sym-
metry breaking SU(2)L × SU(2)R → SU(2)V . Compared
with the chiral Lagrangian of the usual CFL phase [59–
61], it is notable that (64) has no term proportional to
Mˆ2 and Mˆ†2. This is not surprising, considering that the
U(1)A symmetry is unbroken in the adjoint CFL phase.
In the special case Mˆ = mˆ12, we have [62]
Z ∼ e2ξ1|mˆ|2
∫
SO(3)
dOˆ e2ξ2|mˆ|
2 Tr Oˆ (67)
= e2(ξ1+ξ2)|mˆ|
2 [
I0(4ξ2|mˆ|2)− I1(4ξ2|mˆ|2)
]
(68)
where I0 and I1 are the modified Bessel function of the
first kind.
As a side remark, we note that if the mapping OˆAB =
1
2 Tr(Uσ
AU†σB) between U ∈ SU(2) and Oˆ ∈ SO(3) is
used, then
OˆAB Tr(σ
AMˆσBMˆ†) = 2|Tr(MˆU)|2 − Tr(Mˆ†Mˆ) .
(69)
This type of mass term also arises in a chiral RMT dis-
cussed in [7]. However the qualitative difference between
the present work and [7] must be underlined. The ma-
trix model in [7] is heavy tailed, and has no explicit color
structure in the Dirac operator. By contrast, the random
matrices in this paper obey Gaussian distributions, and
there is an explicit color structure in the Dirac operator
(22).
V. CONCLUSIONS
In this paper we investigated the formation of quark-
antiquark condensates that dynamically break color and
flavor symmetries. We constructed a new chiral random
matrix model and showed, by taking the large-N limit,
that a novel adjoint CFL phase appears for a particular
range of the parameter of the model. Outside this range
there appear a polar phase and a normal phase. We
analytically evaluated the large-N partition function and
derived low-energy effective theories for soft modes in the
polar phase and the adjoint CFL phase. We hope this
work provides a deeper insight into both dense QCD and
random matrix theory.
For a technical reason we had to limit ourselves to two
colors and two flavors in the second half of this paper. It
would be quite worthwhile to explore the phase structure
of this matrix model for the most interesting case of three
colors and three flavors. This is left for future work.
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